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Wild hypersurface bundles over toric varieties
Hiroshi Sato
∗
Abstract
In this paper, we investigate when there exists a wild hypersurface bundle over
a smooth proper toric variety in positive characteristic. In particular, we determine
the possibilities for toric varieties with Picard number at most three or toric Fano
varieties of dimension at most four. Moreover, we can construct wild hypersurface
bundles over them.
1 Introduction
A wild hypersurface bundle is a peculiar phenomenon in positive characteristic (see
Definition 3.1). Only few examples of wild hypersurface bundles are known. Saito [13]
completely determined when a smooth Fano 3-folds with Picard number 2 has a wild conic
bundle structre. As a generalization for this result, Mori-Saito [10] showed the following:
Theorem 1.1 (Mori-Saito [10]) Let f : X → S be a wild hypersurface bundle of degree
p, d = dimS and dimX = 2d − 1. If S is isomorphic to a direct product of projective
spaces, then one of the following holds:
(i) S ≃ Pd and X is a smooth divisor of bidegree (1, p) in Pd × Pd.
(ii) p = 2, S ≃ (P1)d and X is a smooth divisor in Y = PS(OS ⊕
⊕d
i=1 p
∗
iOP1(1)) such
that X ∼ 2ξ, where pi : S → P
1 is the i-th projection and ξ is the tautological line
bundle of Y → S.
In this paper, we consider the case where S is a smooth proper toric d-fold. Using
the technique in Mori-Saito [10], we completely determine the possibilities for S when the
Picard number of S is 2 or 3 (see Section 4), or S is a toric Fano d-fold with d ≤ 4 (see
Section 5). Moreover, we can construct wild hypersurface bundles for these cases.
The content of this paper is as follows: Section 2 is a section for preparation. We
review the concepts of primitive collections and relations, and explicitly describe the fans
for projective space bundles over toric varieties. In Section 3, we review the definition
of wild hypersurface bundles. The combinatorial version of the key result in Mori-Saito
[10] is given. In Section 4, we consider the case where the Picard number of S is 2 or 3.
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There exist two new classes which have wild hypersurface bundle structures. In Section
5, we consider the case where S is a toric Fano variety. In particular, we determine the
toric Fano d-folds which have wild hypersurface bundle structures for d ≤ 4. These Fano
varieties are interesting from the viewpoint of the birational geometry.
The author would like to thank Doctor Natsuo Saito for introducing the author to
this problem and giving useful comments. The author also wishes to thank Professors
Shihoko Ishii and Osamu Fujino for advice and encouragement.
2 Preliminaries
This section is devoted to explaining some basic facts of the toric geometry. See
Batyrev [2], [3], Fulton [7], Oda [11] and Sato [14] more precisely.
Let S = SΣ be a smooth proper toric d-fold associated to a fan Σ over an algebraically
closed field. Let G(Σ) be the set of primitive generators of 1-dimensional cones in Σ. A
subset P ⊂ G(Σ) is called a primitive collection if P does not generate a cone in Σ, while
any proper subset of P generates a cone in Σ. We denote by PC(Σ) the set of primitive
collections of Σ. For a primitive collection P = {x1, . . . , xm}, there exists the unique cone
σ(P ) in Σ such that x1 + · · ·+ xm is contained in the relative interior of σ(P ), since S is
proper. So, we obtain an equality
x1 + · · ·+ xm = b1y1 + · · ·+ bnyn,
where y1, . . . , yn are the generators of σ(P ), that is, σ(P ) ∩ G(Σ) = {y1, . . . , yn}, and
b1, . . . , bn are positive integers. We call this equality the primitive relation of P . Thus,
we obtain an element r(P ) in A1(S) for any primitive collection P ∈ PC(Σ), where A1(S)
is the group of 1-cycles on S modulo rational equivalences. We define the degree of P as
degP := (−KS · r(P )) = m− (a1 + · · ·+ an).
Proposition 2.1 (Batyrev [2], Reid [12]) Let S = SΣ be a smooth projective toric
variety. Then
NE(S) =
∑
P∈PC(Σ)
R≥0r(P ),
where NE(S) is the Mori cone of S.
A primitive collection P is said to be extremal if r(P ) is contained in an extremal ray
of NE(S). For the torus invariant curve C contained in this extremal ray, we have
NC/S ≃ OC(1)
⊕(m−2) ⊕O
⊕(d−m−n+1)
C ⊕OC(−b1)⊕ · · · ⊕ OC(−bn),
where NC/S is the normal bundle.
Next, we explain how to construct the fan corresponding to a projective space bundle
over a toric variety.
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Let S = SΣ be a smooth proper toric d-fold, Σ a fan in N = Z
d, G(Σ) = {x1, . . . , xl}
and D1, . . . , Dl the torus invariant prime divisors corresponding to x1, . . . , xl, respectively.
For torus invariant divisors
E1 =
l∑
i=1
c1,iDi, . . . , Er =
l∑
i=1
cr,iDi,
put
E = O ⊕OS(E1)⊕ · · · ⊕ OS(Er).
We construct the fan Σ˜ in N˜ := N ⊕ Zr corresponding to the Pr-bundle PS(E) over S.
Let {e1, . . . , er} be the standard basis for Z
r. The elements of G(Σ˜) are
y1 := e1, . . . , yr := er, yr+1 := −(e1 + · · ·+ er),
x˜1 := x1 +
r∑
i=1
ci,1ei, . . . , x˜l := xl +
r∑
i=1
ci,lei.
For a maximal cone σ = R≥0xi1+· · ·+R≥0xid in Σ, put σ˜ := R≥0x˜i1+· · ·+R≥0x˜id ⊂ N˜⊗R.
Put τ˜i := R≥0y1 + · · ·+ R≥0yi−1 + R≥0yi+1 + · · · + R≥0yr+1 ⊂ N˜ ⊗ R for 1 ≤ i ≤ r + 1.
The set of maximal cones in Σ˜ is
{ σ˜ + τ˜i | σ is a maximal cone in Σ, 1 ≤ i ≤ r + 1} .
The tautological line bundle ξ for PS(E) → S is OPS(E)(Fr+1), where Fr+1 is the torus
invariant prime divisor corresponding to yr+1.
3 Wild hypersurface bundles
In this section, we review the definition of a wild hypersurface bundle structure and
some results in Mori-Saito [10]. From now on, we work over an algebraically closed field
k of characteristic p > 0.
Definition 3.1 (Mori-Saito [10]) Let X and S be smooth algebraic varieties over k,
and f : X → S a projective flat morphism with M a relatively very ample divisor such
that X is embedded in pi : PS(E) → S, where E = f∗M . We call f a wild hypersurface
bundle of degree p if for any s ∈ S, the geometric fiber f−1(s) is defined in PS(E) by
xp = 0 for some non-zero x ∈ Es.
Let ξ be the tautological line bundle of PS(E). Then, there exists a Cartier divisor L
on S such that X ∼ pξ+pi∗L in PicPS(E). Let d = dimS. If dimX = 2d−1, then there
exists an exact sequence
0→ OS → E
p ⊗ L→ TS → 0, (1)
where TS is the tangent bundle of S (see Theorem 1 in Mori-Saito [10]). Thanks to this
exact sequence, we can study wild hypersurface bundle structures easily. So, in this paper,
we add the assumption dimX = 2d− 1 to the definition of a wild hypersurface bundle of
degree p. We will use these notation throughout this paper.
The following is a slight generalization of Proposition 5 in Mori-Saito [10]. The proof
is similar.
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Proposition 3.2 Let f : X → S be a wild hypersurface bundle of degree p and C a
normal rational curve on S such that
TS ⊗OC ≃
2⊕
i=−∞
OC(i)
⊕ai .
Then, the following hold.
(i) If the restriction of the exact sequence (1) on C is non-split, then for any ai > 0,
i− 1 is divisible by p.
(ii) If the restriction of the exact sequence (1) on C is split, then p = 2 and for any
ai > 0, i is an even number.
Remark 3.3 In Proposition 3.2,
Ep ⊗ L⊗OC ≃
(
−1⊕
i=−∞
OC(i)
⊕ai
)
⊕O⊕a0C ⊕OC(1)
⊕(a1+2) ⊕OC(2)
⊕(a2−1)
for the case (i), while
Ep ⊗ L⊗OC ≃
(
−1⊕
i=−∞
OC(i)
⊕ai
)
⊕O
⊕(a0+1)
C ⊕OC(1)
⊕a1 ⊕OC(2)
⊕a2
for the case (ii).
We apply this result for the case where S is a toric variety.
Corollary 3.4 Let S = SΣ be a smooth proper toric d-fold and f : X → S a wild
hypersurface bundle of degree p. For an extremal primitive relation
x1 + · · ·+ xm = b1y1 + · · ·+ bnyn,
where {x1, . . . , xm, y1, . . . , yn} ⊂ G(Σ) and b1, . . . , bn are positive integers, one of the
following holds.
(i) m+ n = d+ 1 and bi + 1 is divisible by p for any i.
(ii) p = 2, m = 2 and bi is an even number for any i.
Proof. This can be proven by Proposition 3.2 immediately. For the case (i), NC/S does
not contained OC , so m+ n = d+ 1. The left part is similar. q.e.d.
Remark 3.5 For the case (i) in Corollary 3.4, let ϕ : S → S be the associated extremal
contraction. If S 6≃ Pd, then ϕ is birational and the image of the exceptional set of ϕ is a
point.
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4 Toric varieties with Picard number 2 or 3
In this section, we treat the case where S is a smooth proper toric d-fold with Picard
number 2 or 3. We construct some examples of wild hypersurface bundles using the notion
of homogeneous coordinate rings of toric varieties (see Cox [5]).
(I) The Picard number of S is two.
Proposition 4.1 Let S be a smooth proper toric d-fold with Picard number 2. If there
exists a wild hypersurface bundle f : X → S, then p = 2 and S is isomorphic to either
P
1 × P1 or
PPd−1(OPd−1 ⊕OPd−1(2a− 1)),
where a is a positive integer.
Proof. There exists a wild hypersurface bundle of degree 2 over P1×P1 (see Mori-Saito
[10]). So, suppose S 6≃ P1 × P1.
S is a Pm-bundle over Pn by the classification of proper toric varieties with Picard
number 2 (see Kleinschmidt [8]). On the other hand, m = 1 by the case (ii) in Proposition
3.2. Thus, p = 2 and S ≃ PPd−1(OPd−1⊕OPd−1(α)) for a non-negative integer α. Since the
normal bundle NC1/S of the torus invariant curve C1 contained in another extremal ray is
OC1(−α)⊕OC1(1)
⊕(d−2),
α is an odd number by the case (i) in Proposition 3.2. q.e.d.
Next, we construct a wild hypersurface bundle of degree 2 for the above case. So, let
S := PPd−1(OPd−1⊕OPd−1(2a−1)) for a positive integer a and Σ the associated fan. Then,
the primitive relations of Σ are
(a) x1 + · · ·+ xd = (2a− 1)xd+1 and (b) xd+1 + xd+2 = 0,
where G(Σ) = {x1, . . . , xd+2}. Let D1, . . . , Dd+2 be the torus invariant prime divisors cor-
responding to x1, . . . , xd+2, respectively. We may assume that {x1, . . . , xd−1, xd+1} is the
standard basis for N . By considering the divisors of the rational functions corresponding
to x1, . . . , xd−1, xd+1, we have D1 = · · · = Dd and Dd+2 = (2a−1)D1+Dd+1 in PicS. Let
C1 and C2 be the torus invariant curves corresponding to the extremal primitive relations
(a) and (b), respectively. Then, (D1 ·C1) = 1, (Dd+1 ·C1) = −(2a− 1), (D1 ·C2) = 0 and
(Dd+1 · C2) = 1. Put
E = O⊕dS ⊕OS((a− 1)D1 +Dd+1) and L = OS(D1).
Then, we can easily check that E and L satisfy the conditions
E2 ⊗ L⊗OC1 = OC1(−1)⊕OC1(1)
⊕d and E2 ⊗ L⊗OC2 = O
⊕d
C2
⊕OC2(2).
In fact, we can construct a wild hypersurface bundle for these E and L as follows.
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Let Σ˜ be the fan corresponding to Y = PS(E). We use the same notation as in Section
2. The primitive relations of Σ˜ are x˜d+1 + x˜d+2 = y1, y1 + · · ·+ yd+1 = 0 and
x˜1 + · · ·+ x˜d =
{
(2a− 1)x˜d + y2 + · · ·+ yd+1 if a = 1
(2a− 1)x˜d + (a− 2)y1 otherwise,
where G(Σ˜) = {x˜1, . . . , x˜d+2, y1, . . . , yd+1}. Let D˜1, . . . , D˜d+2, F1, . . . , Fd+1 be the torus
invariant prime divisors corresponding to x˜1, . . . , x˜d+2, y1, . . . , yd+1, respectively. Then,
we have D˜1 = · · · = D˜d, D˜d+2 = (2a − 1)D˜d + D˜d+1, F2 = · · · = Fd+1 and Fd+1 =
(a − 1)D˜1 + D˜d+1 + F1 in PicY . Since the tautological line bundle ξ for pi : Y → S is
OY (Fr+1), we have X ∼ 2ξ+pi
∗L = 2Fd+1+ D˜1 = D˜d+1+ D˜d+2+2F1. Thus, for example,
the smooth hypersurface X in Y defined by the equation
Xd+1Xd+2Y
2
1 +X1Y
2
2 + · · ·+XdY
2
d+1 = 0
is a wild hypersurface bundle of degree 2 over S, where X1, . . . , Xd+2, Y1, . . . , Yd+1 are the
homogeneours coordinates of Y corresponding to D˜1, . . . , D˜d+2, F1, . . . , Fd+1, respectively.
We can easily check the smoothness of X , so we leave the details for the exercise.
(II) The Picard number of S is three.
In this case, we suppose d ≥ 3.
Batyrev [2] classified smooth projective toric d-folds with Picard number 3 using the
notion of primitive relations.
Theorem 4.2 (Batyrev [2]) Let S = SΣ be a smooth projective toric d-fold with Picard
number three. Then, one of the following holds.
(i) #PC(Σ) = 3, and for any distinct elements P1, P2 ∈ PC(Σ), we have P1 ∩ P2 = ∅.
(ii) #PC(Σ) = 5, and there exists (p0, p1, p2, p3, p4) ∈ (Z>0)
5 such that p0 + p1 + p2 +
p3 + p4 = d+ 3 and the primitive relations of Σ are
v1 + · · ·+ vp0 + y1 + · · ·+ yp1 = c2z2 + · · ·+ cp2zp2 + (b1 + 1)t1 + · · ·+ (bp3 + 1)tp3 ,
y1 + · · ·+ yp1 + z1 + · · ·+ zp2 = u1 + · · ·+ up4, z1 + · · ·+ zp2 + t1 + · · ·+ tp3 = 0,
t1 + · · ·+ tp3 + u1 + · · ·+ up4 = y1 + · · ·+ yp1 and
u1 + · · ·+ up4 + v1 + · · ·+ vp0 = c2z2 + · · ·+ cp2zp2 + b1t1 + · · ·+ bp3tp3 ,
where
G(Σ) = {v1, . . . , vp0, y1, . . . , yp1, z1, . . . , zp2, t1, . . . , tp3 , u1, · · · , up4}
and c2, . . . , cp2, b1, . . . , bp3 are positive integers.
For positive integers a and b, let Σd(a, b) be the fan whose primitive relations are
x1 + · · ·+ xd−1 = (2a− 1)xd + (2b− 1)xd+2, xd + xd+1 = 0 and xd+2 + xd+3 = 0,
where G(Σd(a, b)) = {x1, . . . , xd+3} and W
d(a, b) the associated toric d-fold with Picard
number 3. The following Proposition holds.
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Proposition 4.3 Let S be a smooth proper toric d-fold with Picard number 3. If there
exists a wild hypersurface bundle f : X → S, then p = 2 and S is isomorphic to either
P
1 × P1 × P1 or W d(a, b).
Proof. There exists a wild hypersurface bundle of degree 2 over P1 × P1 × P1 (see
Mori-Saito [10]). So, suppose S 6≃ P1 × P1 × P1.
Suppose #PC(Σ) = 5, that is, the case (ii) in Theorem 4.2. We use the same notation
as in Theorem 4.2. First, we remark that the first, second and fourth primitive relations
are extremal. By Corollary 3.4, we have p0+p1+p2−1+p3 = p1+p2+p4 = p3+p4+p1 =
d+ 1. This is impossible.
So, we have #PC(Σ) = 3. There exists a primitive relation xd+2 + xd+3 = 0 by
Corollary 3.4, since S is projective. In particular, p = 2. Suppose that the types of the
other extremal rays corresponding to the primitive relations P1 and P2 are small. Then,
σ(P1) ∩ P2 6= ∅, σ(P1) ∩ {xd+2, xd+3} 6= ∅, σ(P2) ∩ P1 6= ∅ and σ(P2) ∩ {xd+2, xd+3} 6= ∅.
This is impossible, because S must be a P1-bundle over a toric (d − 1)-fold with Picard
number 2. Thus, we have the primitive relation xd + xd+1 = 0. It is obvious that the last
primitive relation is x1 + · · ·+ xd−1 = αxd + βxd+2. Moreover, by Corollary 3.4, α and β
are odd numbers. q.e.d.
Let S =W d(a, b) andD1, . . . , Dd+3 be the torus invariant prime divisors corresponding
to x1, . . . , xd+3, respectively. Put
E ≃ O
⊕(d−1)
S ⊕OS((a− 1)D1 +Dd+1)⊕OS((b− 1)D1 +Dd+1) and L ≃ OS(D1).
We can construct a wild hypersurface bundle for these E and L similarly as in the case
(I).
Let Σ˜ be the fan corresponding to Y = PS(E). The primitive relations of Σ˜ are
x˜d + x˜d+1 = y1, x˜d+2 + x˜d+3 = y2, y1 + · · ·+ yd+1 = 0 and
x˜1 + · · ·+ x˜d−1 = (2a− 1)x˜d + (2b− 1)x˜d+2 + (a− 1)y1 + (b− 1)y2 + y3 + · · ·+ yd+1
if a = 1 or b = 1, otherwise
x˜1 + · · ·+ x˜d−1 = (2a− 1)x˜d + (2b− 1)x˜d+2 + (a− 2)y1 + (b− 2)y2,
where G(Σ˜) = {x˜1, . . . , x˜d+3, y1, . . . , yd+1}. Let D˜1, . . . , D˜d+3, F1, . . . , Fd+1 be the torus
invariant prime divisors corresponding to x˜1, . . . , x˜d+3, y1, . . . , yd+1, respectively. Then,
we have D˜1 = · · · = D˜d−1, D˜d+1 = (2a − 1)D˜1 + D˜d, D˜d+3 = (2b − 1)D˜1 + D˜d+2,
F3 = · · · = Fd+1 and Fd+1 = (a − 1)D˜1 + D˜d + F1 = (b − 1)D˜1 + D˜d+2 + F2 in PicY .
Since the tautological line bundle ξ for pi : Y → S is OY (Fr+1), we have X ∼ 2ξ + pi
∗L =
2Fd+1 + D˜1 = D˜d + D˜d+1 + 2F1 = D˜d+2 + D˜d+3 + 2F2. Thus, for example, the smooth
hypersurface X in Y defined by the equation
XdXd+1Y
2
1 +Xd+2Xd+3Y
2
2 +X1Y
2
3 + · · ·+Xd−1Y
2
d+1 = 0
is a wild hypersurface bundle of degree 2 over S, where X1, . . . , Xd+3, Y1, . . . , Yd+1 are the
homogeneours coordinates of Y corresponding to D˜1, . . . , D˜d+3, F1, . . . , Fd+1, respectively.
We can easily check the smoothness of X , so we leave the details for the exercise.
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5 Toric Fano varieties
In this section, we consider the case where S is a toric Fano d-fold. A Fano variety is a
Gorenstein projective variety S whose anti-canonical divisor −KS is ample. We can easily
check whether a given smooth projective toric variety is Fano or not using the notion of
primitive collections and relations.
Proposition 5.1 (Batyrev [3], Sato [14]) Let S = SΣ be a smooth projective toric
variety. S is a Fano variety if and only if degP > 0 for any primitive collection P ∈
PC(Σ).
Smooth toric Fano d-folds are classified for d ≤ 4 (see Batyrev [1], [3], Oda [11], Sato
[14] and Watanabe-Watanabe [15]). So, we determine the possibilities for these classified
toric Fano varieties and construct wild hypersurface bundles over them.
The following Proposition is easy.
Proposition 5.2 Let f : X → S be a wild hypersurface bundle over a toric Fano d-fold
S = SΣ and d ≥ 3. If there exists an extremal divisorial contraction ϕ : S → S, then
S ≃ PPd−1(OPd−1 ⊕OPd−1(2a− 1))
for a positive integer a.
Proof. By Corollary 3.4, the image of the exceptional divisor of ϕ is a point. So,
there exist exactly two cases by Bonavero’s classification (see Bonavero [4]): (a) The
Picard number of S is two, or (b) The Picard number of S is three and #PC(Σ) = 5.
However, the case (b) does not occur by Proposition 4.3. Thus, we complete the proof by
Proposition 4.1. q.e.d.
Corollary 5.3 Let f : X → S be a wild hypersurface bundle over a toric Fano d-fold
S = SΣ and d ≥ 3. Then, one of the following holds:
(i) S ≃ Pd.
(ii) S ≃ (P1)d.
(iii) S ≃ PPd−1(OPd−1 ⊕OPd−1(2a− 1)) for a positive integer a.
(iv) Every extremal contraction of S is either a P1-bundle structure or a small contrac-
tion, and there exists at least one small contraction.
Proof. See Mori-Saito [10] for the cases (i) and (ii), and see the case (I) in Section 4
for the case (iii). So, suppose S is not one of them. For the case (i) in Corollary 3.4, we
have n ≥ 2 by Proposition 5.2. For the case (ii) in Corollary 3.4, we have n = 0 and the
associated extremal contraction is a P1-bundle structure, since S is a Fano variety. q.e.d.
(I) dimS = 2.
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There exist exactly five toric del Pezzo surfaces
P
2, P1 × P1, PP1 (OP1 ⊕OP1(1)) , S6 and S7,
where S6 and S7 are the del Pezzo surfaces of degree 6 and 7, respectively. For any toric
del Pezzo surface S, there exists a wild hypersurface bundle over S. In fact, for S6 and
S7, we can construct wild hypersurface bundles similarly as in Section 4. We omit the
precise calculation for these constructions, and use the same notation as in Section 4.
Example 5.4 Let S = SΣ be the del Pezzo surface S7 of degree 7. The primitive relations
are x1+x2 = x3, x1+x5 = 0, x2+x4 = x5, x3+x4 = 0 and x3+x5 = x2. We have p = 2.
Put
E = OS ⊕OS(D3)⊕OS(D5) and L = OS(D2).
The primitive relations of Σ˜ are x˜1+ x˜2 = x˜3+y2+y3, x˜1+ x˜5 = y2, x˜2+ x˜4 = x˜5+y1+y3,
x˜3+x˜4 = y1, x˜3+x˜5 = x˜2+y1+y2 and y1+y2+y3 = 0. The hypersurface X in Y = PS(E)
defined by the equation
X3X4Y
2
1 +X1X5Y
2
2 +X2Y
2
3 = 0
is a wild hypersurface bundle of degree 2 over S.
Example 5.5 Let S = SΣ be the del Pezzo surface S6 of degree 6. The primitive relations
are x1 + x5 = 0, x3 + x4 = 0, x2 + x6 = 0, x3 + x6 = x1, x3 + x5 = x2, x1 + x2 = x3,
x5 + x6 = x4, x2 + x4 = x5 and x1 + x4 = x6. We have p = 2. Put
E = OS ⊕OS(D5 −D6)⊕OS(−D2 +D4) and L = OS(D2 +D3).
The primitive relations of Σ˜ are x˜1+x˜5 = y1, x˜3+x˜4 = y2, x˜2+x˜6 = y3, x˜3+x˜6 = x˜1+y2+y3,
x˜3+ x˜5 = x˜2+y1+y2, x˜1+ x˜2 = x˜3+y1+y3, x˜5+ x˜6 = x˜4+y1+y3, x˜2+ x˜4 = x˜5+y2+y3,
x˜1 + x˜4 = x˜6 + y1 + y2 and y1 + y2 + y3 = 0. The hypersurface X in Y = PS(E) defined
by the equation
X1X5Y
2
1 +X3X4Y
2
2 +X2X6Y
2
3 = 0
is a wild hypersurface bundle of degree 2 over S.
(II) dimS = 3.
There does not exist a small contraction from any smooth toric Fano 3-fold. Therefore,
if there exists a wild hypersurface bundle over S, then S is isomorphic to one of the
following by Corollary 5.3:
P
3, P1 × P1 × P1 and PP2 (OP2 ⊕OP2(1)) .
(III) dimS = 4.
There exists a wild hypersurface bundle over S, if S is isomorphic to one of the
following:
P
4, P1 × P1 × P1 × P1, PP3 (OP3 ⊕OP3(1)) and PP3 (OP3 ⊕OP3(3)) .
So, suppose S is not one of them, that is, the case (iv) in Corollary 5.3. By the classifi-
cation of smooth toric Fano 4-folds, there exist exactly four possibilities:
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(i) S ≃ W 4(1, 1),
(ii) S is the toric Fano 4-fold of type M1 (see Batyrev [3] and Sato [14]),
(iii) S is the 4-dimensional pseudo del Pezzo variety V˜ 4 (see Ewald [6]) and
(iv) S is the 4-dimensional del Pezzo variety V 4 (see Klyachko-Voskresenskij [9]).
The first case is studied in Section 4, and we can construct wild hypersurface bundles
for the other cases similarly as in Section 4. We omit the precise calculation for these
constructions, and use the same notation as in Section 4.
Example 5.6 Let S = SΣ be the toric Fano 4-fold of type M1. The primitive relations
are x1 + x8 = 0, x4 + x5 = 0, x6 + x7 = 0, x1 + x2 + x3 = x4 + x6, x4 + x6 + x8 = x2 + x3,
x2 + x3 + x5 = x6 + x8 and x2 + x3 + x7 = x4 + x8. We have p = 2. Put
E = OS ⊕OS ⊕OS(D8)⊕OS(D4)⊕OS(D6) and L = OS(D3).
The primitive relations of Σ˜ are x˜1 + x˜8 = y1, x˜4 + x˜5 = y2, x˜6 + x˜7 = y3, x˜1 + x˜2 + x˜3 =
x˜4+x˜6+y1+y4+y5, x˜4+x˜6+x˜8 = x˜2+x˜3+y1+y2+y3, x˜2+x˜3+x˜5 = x˜6+x˜8+y2+y4+y5,
x˜2 + x˜3 + x˜7 = x˜4 + x˜8 + y3 + y4 + y5 and y1 + y2+ y3+ y4 + y5 = 0. The hypersurface X
in Y = PS(E) defined by the equation
X1X8Y
2
1 +X4X5Y
2
2 +X6X7Y
2
3 +X2Y
2
4 +X3Y
2
5 = 0
is a wild hypersurface bundle of degree 2 over S.
Example 5.7 Let S = SΣ be the 4-dimensional pseudo del Pezzo variety V˜
4. The
primitive relations are x4 + x9 = 0, x1 + x5 = 0, x2 + x6 = 0, x3 + x7 = 0, x1 + x2 + x9 =
x7 + x8, x1 + x3 + x9 = x6 + x8, x2 + x3 + x9 = x5 + x8, x1 + x2 + x3 = x4 + x8,
x4+x5+x8 = x2+x3, x4+x6+x8 = x1+x3, x4+x7+x8 = x1+x2, x5+x6+x8 = x3+x9,
x5 + x7 + x8 = x2 + x9 and x6 + x7 + x8 = x1 + x9. We have p = 2. Put
E = OS ⊕OS(D1)⊕OS(D2)⊕OS(D3)⊕OS(D9) and L = OS(D8).
The primitive relations of Σ˜ are x˜4 + x˜9 = y4, x˜1 + x˜5 = y1, x˜2 + x˜6 = y2, x˜3 + x˜7 = y3,
x˜1+ x˜2+ x˜9 = x˜7+ x˜8+ y1+ y2+ y4, x˜1+ x˜3+ x˜9 = x˜6+ x˜8+ y1+ y3+ y4, x˜2+ x˜3+ x˜9 =
x˜5+x˜8+y2+y3+y4, x˜1+x˜2+x˜3 = x˜4+x˜8+y1+y2+y3, x˜4+x˜5+x˜8 = x˜2+x˜3+y1+y4+y5,
x˜4+ x˜6+ x˜8 = x˜1+ x˜3+ y2+ y4+ y5, x˜4+ x˜7+ x˜8 = x˜1+ x˜2+ y3+ y4+ y5, x˜5+ x˜6+ x˜8 =
x˜3+ x˜9+y1+y2+y5, x˜5+ x˜7+ x˜8 = x˜2+ x˜9+y1+y3+y5, x˜6+ x˜7+ x˜8 = x˜1+ x˜9+y2+y3+y5
and y1+ y2+ y3+ y4+ y5 = 0. The hypersurface X in Y = PS(E) defined by the equation
X1X5Y
2
1 +X2X6Y
2
2 +X3X7Y
2
3 +X4X9Y
2
4 +X8Y
2
5 = 0
is a wild hypersurface bundle of degree 2 over S.
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Example 5.8 Let S = SΣ be the 4-dimensional del Pezzo variety V
4. The primitive
relations are x4 + x10 = 0, x1 + x5 = 0, x2 + x6 = 0, x3 + x7 = 0, x8 + x9 = 0,
x1+x2+x10 = x7+x8, x1+x3+x10 = x6+x8, x2+x3+x10 = x5+x8, x1+x2+x3 = x4+x8,
x1+x9+x10 = x6+x7, x2+x9+x10 = x5+x7, x3+x9+x10 = x5+x6, x1+x2+x9 = x4+x7,
x1+x3+x9 = x4+x6, x2+x3+x9 = x4+x5, x4+x5+x6 = x3+x9, x4+x5+x7 = x2+x9,
x4+x6+x7 = x1+x9, x5+x6+x7 = x9+x10, x4+x5+x8 = x2+x3, x4+x6+x8 = x1+x3,
x4+x7+x8 = x1+x2, x5+x6+x8 = x3+x10, x5+x7+x8 = x2+x10 and x6+x7+x8 = x1+x10.
We have p = 2. Put
E = OS ⊕OS(D1 −D9)⊕OS(D2 −D9)⊕OS(D3 −D9)⊕OS(D10 −D9) and
L = OS(D8 +D9).
The primitive relations of Σ˜ are x˜4 + x˜10 = y4, x˜1 + x˜5 = y1, x˜2 + x˜6 = y2, x˜3 + x˜7 = y3,
x˜8+ x˜9 = y5, x˜1+ x˜2+ x˜10 = x˜7+ x˜8+ y1+ y2+ y4, x˜1+ x˜3+ x˜10 = x˜6+ x˜8+ y1+ y3+ y4,
x˜2+ x˜3+ x˜10 = x˜5+ x˜8+ y2+ y3+ y4, x˜1+ x˜2+ x˜3 = x˜4+ x˜8+ y1+ y2+ y3, x˜1+ x˜9+ x˜10 =
x˜6+x˜7+y1+y4+y5, x˜2+x˜9+x˜10 = x˜5+x˜7+y2+y4+y5, x˜3+x˜9+x˜10 = x˜5+x˜6+y3+y4+y5,
x˜1+ x˜2+ x˜9 = x˜4+ x˜7+ y1+ y2+ y5, x˜1+ x˜3+ x˜9 = x˜4+ x˜6+ y1+ y3+ y5, x˜2+ x˜3+ x˜9 =
x˜4+x˜5+y2+y3+y5, x˜4+x˜5+x˜6 = x˜3+x˜9+y1+y2+y4, x˜4+x˜5+x˜7 = x˜2+x˜9+y1+y3+y4,
x˜4+ x˜6+ x˜7 = x˜1+ x˜9+ y2+ y3+ y4, x˜5+ x˜6+ x˜7 = x˜9+ x˜10+ y1+ y2+ y3, x˜4+ x˜5+ x˜8 =
x˜2+x˜3+y1+y4+y5, x˜4+x˜6+x˜8 = x˜1+x˜3+y2+y4+y5, x˜4+x˜7+x˜8 = x˜1+x˜2+y3+y4+y5,
x˜5+ x˜6+ x˜8 = x˜3+ x˜10+ y1+ y2+ y5, x˜5+ x˜7+ x˜8 = x˜2+ x˜10+ y1+ y3+ y5, x˜6+ x˜7+ x˜8 =
x˜1 + x˜10 + y2+ y3+ y5 and y1+ y2+ y3 + y4+ y5 = 0. The hypersurface X in Y = PS(E)
defined by the equation
X1X5Y
2
1 +X2X6Y
2
2 +X3X7Y
2
3 +X4X10Y
2
4 +X8X9Y
2
5 = 0
is a wild hypersurface bundle of degree 2 over S.
References
[1] V. V. Batyrev, Toroidal Fano 3-folds, Math. USSR-Izv. 19 (1982), 13–25.
[2] V. V. Batyrev, On the classification of smooth projective toric varieties, Tohoku
Math. J. 43 (1991), 569–585.
[3] V. V. Batyrev, On the classification of toric Fano 4-folds, Algebraic Geometry, 9, J.
Math. Sci. (New York) 94 (1999), 1021–1050.
[4] L. Bonavero, Toric varieties whose blow-up at a point is Fano, Tohoku Math. J. 54
(2002), 593–597.
[5] D. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geom. 4
(1995), 17–50.
[6] G. Ewald, On the classification of toric Fano varieties, Discrete Comput. Geom. 3
(1988), 49–54.
11
[7] W. Fulton, Introduction to Toric Varieties, Ann. of Math. Studies 131, Princeton
Univ. Press, 1993.
[8] P. Kleinschmidt, A classification of toric varieties with few generators, Aequationes
Math. 35 (1988), 254–266.
[9] A. A. Klyachko and V. E. Voskresenskij, Toroidal Fano varieties and root systems,
Math. USSR-Izv. 24 (1985), 221–244.
[10] S. Mori and N. Saito, Fano threefolds with wild conic bundle structures, Proc. Japan
Acad., 79, Ser. A (2003), 111–114.
[11] T. Oda, Convex Bodies and Algebraic Geometry—An introduction to the theory
of toric varieties, Ergebnisse Math. Grenzgeb. (3), Vol. 15, Springer-Verlag, Berlin,
Heidelberg, New York, London, Paris, Tokyo, 1988.
[12] M. Reid, Decomposition of toric morphisms, in Arithmetic and Geometry, papers
dedicated to I. R. Shafarevich on the occasion of his 60th birthday (M. Artin and
J. Tate, eds.), vol. II, Geometry, Progress in Math. 36, Birkha¨user, Boston, Basel,
Stuttgart, 1983, 395–418.
[13] N. Saito, Fano threefolds with Picard number 2 in positive characteristic, Kodai
Math. J. 26 (2003), 147–166.
[14] H. Sato, Toward the classification of higher-dimensional toric Fano varieties, Tohoku
Math. J. 52 (2000), 383–413.
[15] K. Watanabe and M. Watanabe, The classification of Fano 3-folds with torus em-
beddings, Tokyo J. Math. 5 (1982), 37–48.
Department of Mathematics
Tokyo Institute of Technology
2-12-1 Oh-okayama
Meguro-ku
Tokyo 152-8551
Japan
E-mail address: hirosato@math.titech.ac.jp
12
